Introduction and Preliminaries {#Sec1}
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Thurston and Epstein showed that a fundamental group of a closed 3--manifold is automatic if and only if none of its prime factors is a closed manifold modelled on nilgeometry or solvgeometry \[[@CR9], Chapter 12\]. A fundamental group of a closed manifold modelled on nilgeometry or solvgeometry has a finite index subgroup isomorphic to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {Z}^2 \rtimes _A \mathbb {Z}$$\end{document}$, where *A* is unipotent or Anosov, respectively. These groups are not automatic due to \[[@CR9], Theorems 8.2.8 and 8.1.3\]. To include all fundamental groups of closed 3--manifolds, the class of automatic groups had been extended by Bridson and Gilman \[[@CR5]\], Baumslag, Shapiro and Short \[[@CR1]\]; see also autostackable groups proposed by Brittenham, Hermiller and Holt \[[@CR7]\]. In this paper we use the concept of Cayley automatic groups, extending the class of automatic groups, proposed by Kharlampovich, Khoussainov and Miasnikov \[[@CR11]\].

All semidirect products of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {Z}^n \rtimes _A \mathbb {Z}$$\end{document}$ are Cayley automatic \[[@CR11], Proposition 13.5\]. These groups are the fundamental groups of torus bundles over the circle and they play important role in group theory. Bridson and Gersten studied the Dehn function for this family groups \[[@CR6]\]. In this paper we construct a new family of Cayley automatic representations for semidirect products $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {Z}^n \rtimes _A \mathbb {Z}$$\end{document}$. These representations demonstrate unforeseen behaviour violating a basic property, to be explained below in this section, known for representations described in \[[@CR11], Proposition 10.5\]. They also reveal an unexpected connection with Pell's equation. The results of this paper are based on the original construction of FA--presentation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( \mathbb {Z}^2,+\right) $$\end{document}$ found by Nies and Semukhin \[[@CR13]\].

In general, we are interested in the following question: Given a Cayley automatic group, is there any way to characterize all of its Cayley automatic representations in terms of some numerical characteristics or by any other means? Despite the generality of the notion of Cayley automatic groups which retains only computational mechanism of automatic groups, it is possible to partly answer this question for some Cayley automatic groups in terms of a certain numerical characteristic which is intimately related to the Dehn function. We discuss it in more details in the end of this section. In the following few paragraphs we briefly recall the notion of Cayley automatic groups and representations, and a standard way to construct such representations for semidirect products $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {Z}^n \rtimes _A \mathbb {Z}$$\end{document}$.
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                \begin{document}$$\varSigma $$\end{document}$ be a finite alphabet. We denote by $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma _\diamond $$\end{document}$ the alpahbet $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma \cup \{\diamond \}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\diamond \notin \varSigma $$\end{document}$ is called a padding symbol. The convolution $\documentclass[12pt]{minimal}
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                \begin{document}$$w_1 \otimes \dots \otimes w_m \in \varSigma _\diamond ^m$$\end{document}$ of strings $\documentclass[12pt]{minimal}
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                \begin{document}$$w_1,\dots , w_m \ \in \varSigma ^*$$\end{document}$ is the string of length $\documentclass[12pt]{minimal}
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                \begin{document}$$\diamond $$\end{document}$ at the end of each string to make their lengths equal. More formally, the *k*th symbol of $\documentclass[12pt]{minimal}
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                \begin{document}$$\diamond $$\end{document}$ otherwise. The convolution $\documentclass[12pt]{minimal}
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                \begin{document}$$\otimes R = \{w_1 \otimes \dots \otimes w_m \, | \, (w_1, \dots , w_m) \in R\}$$\end{document}$. The relation *R* is called FA--recognizable if $\documentclass[12pt]{minimal}
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                \begin{document}$$\otimes R$$\end{document}$ is recognized by a finite automaton.
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                \begin{document}$$\mathcal {A} = (A; R_1 ^{m_1}, \dots , R_\ell ^{m_\ell }, f_1 ^{k_1}, \dots ,f_r ^{k_r})$$\end{document}$ be a structure, where *A* is the domain, $\documentclass[12pt]{minimal}
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                \begin{document}$$k_j$$\end{document}$--ary operation on *A*. Assume that there exist a regular language $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}$$\end{document}$ is called FA--presentable and the bijection $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi : L \rightarrow A$$\end{document}$ is called FA--presentation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}$$\end{document}$ \[[@CR12]\]. For a recent survey of the theory of FA--presentable structures we refer the reader to \[[@CR16]\]. A finitely generated group *G* is called Cayley automatic if the labelled directed Cayley graph $\documentclass[12pt]{minimal}
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                \begin{document}$$S \subseteq G$$\end{document}$ \[[@CR11]\]. Cayley automatic groups form a special class of FA--presentable structures and they naturally generalize automatic groups retaining its basic algorithmic properties. We call a FA--presentation $\documentclass[12pt]{minimal}
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                \begin{document}$$\varGamma (G,S)$$\end{document}$ a Cayley automatic representation of the group *G*.

We recall that every element of a group $\documentclass[12pt]{minimal}
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Remark 6 {#FPar9}
--------
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Remark 10 {#FPar13}
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Remark 12 {#FPar15}
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Remark 13 {#FPar16}
---------
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Conclusion and Open Questions {#Sec4}
=============================
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Is there a nonstandard representation, e.g., preserving the property (a) and violating the property (b), for the Heisenberg group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}_3 (\mathbb {Z})$$\end{document}$?What is the set of conjugacy classes of the set of matrices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {GL}(2,\mathbb {Z})$$\end{document}$?
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